
Supplementary Material to "Understanding Networks with
Exponential-family Random Network Models"

Guide

In this file we give the derivation of parameter interpretation of ERNM in section 1 and 2.
We show the goodness-of-fit plots for both the ERGM and ERNM fits to the adolescent health
network data in Section 3, and MCMC diagnostics results in Section 4.

1. ERNM Logit Form for Edge Connections

ℙ ≡ 𝑃𝜂(𝑦𝑖𝑗 = 1|𝑥, 𝑦𝑐𝑖𝑗)

=
𝑃𝜂(𝑦𝑖𝑗 = 1, 𝑥, 𝑦𝑐𝑖𝑗)

𝑃𝜂(𝑥, 𝑦𝑐𝑖𝑗)

=
𝑃𝜂(𝑦𝑖𝑗 = 1, 𝑥, 𝑦𝑐𝑖𝑗)

𝑃𝜂(𝑦𝑖𝑗 = 1, 𝑥, 𝑦𝑐𝑖𝑗) + 𝑃𝜂(𝑦𝑖𝑗 = 0, 𝑥, 𝑦𝑐𝑖𝑗)

=
exp 𝜂 ⋅ 𝑔(𝑦−𝑖𝑗 , 𝑦𝑖𝑗 = 1, 𝑥)

exp{𝜂 ⋅ 𝑔(𝑦−𝑖𝑗 , 𝑦𝑖𝑗 = 1, 𝑥)} + exp{𝜂 ⋅ 𝑔(𝑦−𝑖𝑗 , 𝑦𝑖𝑗 = 0, 𝑥)}

= 1

1 + exp
{

𝜂 ⋅
(

𝑔(𝑦−𝑖𝑗 , 𝑥) − 𝑔(𝑦+𝑖𝑗 , 𝑥)
)} , (1)

logitℙ = log ℙ
1 − ℙ

= log

1
1+exp

{

𝜂⋅
(

𝑔(𝑦−𝑖𝑗 ,𝑥)−𝑔(𝑦
+
𝑖𝑗 ,𝑥)

)}

1 − 1
1+exp

{

𝜂⋅
(

𝑔(𝑦−𝑖𝑗 ,𝑥)−𝑔(𝑦
+
𝑖𝑗 ,𝑥)

)}

= log exp
{

−𝜂 ⋅
(

𝑔(𝑦−𝑖𝑗 , 𝑥) − 𝑔(𝑦+𝑖𝑗 , 𝑥)
)}

= 𝜂 ⋅
(

𝑔(𝑦+𝑖𝑗 , 𝑥) − 𝑔(𝑦−𝑖𝑗 , 𝑥)
)

. (2)
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2. ERNM Logit Form for Dyadic Attributes

ℙ ≡ 𝑃𝜂(𝑧𝑖𝑗 = 1|𝑧𝑐𝑖𝑗 , 𝑡𝑖𝑗 , 𝑌 = 𝑦)

=
𝑃𝜂(𝑧𝑖𝑗 = 1, 𝑧𝑐𝑖𝑗 , 𝑡𝑖𝑗 , 𝑌 = 𝑦)

𝑃𝜂(𝑧𝑐𝑖𝑗 , 𝑡𝑖𝑗 , 𝑌 = 𝑦)

=
𝑃𝜂(𝑧𝑖𝑗 = 1, 𝑧𝑐𝑖𝑗 , 𝑡𝑖𝑗 , 𝑌 = 𝑦)

𝑃𝜂(𝑧𝑖𝑗 = 0, 𝑧𝑐𝑖𝑗 , 𝑡𝑖𝑗 , 𝑌 = 𝑦) + 𝑃𝜂(𝑧𝑖𝑗 = 1, 𝑧𝑐𝑖𝑗 , 𝑡𝑖𝑗 , 𝑌 = 𝑦)

=
exp

{

𝑡𝑖𝑗𝛽 + 𝛼𝑔(𝑦, 𝑡𝑖𝑗) + 𝜆(ℎ(𝑦, 𝑧𝑖𝑗 = 1) + ℎ(𝑦, 𝑧𝑐𝑖𝑗))
}

exp
{

𝑡𝑖𝑗𝛽 + 𝛼𝑔(𝑦, 𝑡𝑖𝑗) + 𝜆(ℎ(𝑦, 𝑧𝑖𝑗 = 0) + ℎ(𝑦, 𝑧𝑐𝑖𝑗))
}

+ exp
{

𝛼𝑔(𝑦, 𝑡𝑖𝑗) + 𝜆(ℎ(𝑦, 𝑧𝑖𝑗 = 1) + ℎ(𝑦, 𝑧𝑐𝑖𝑗))
}

=
exp

{

𝑡𝑖𝑗𝛽
}

exp
{

𝑡𝑖𝑗𝛽
}

+ exp
{

𝜆(ℎ(𝑦, 𝑧𝑖𝑗 = 0) − ℎ(𝑦, 𝑧𝑖𝑗 = 1)
}

= 1

1 + exp
{

𝜆(ℎ(𝑦, 𝑧−𝑖𝑗) − ℎ(𝑦, 𝑧+𝑖𝑗)) − 𝑡𝑖𝑗𝛽
} , (3)

logitℙ = log ℙ
1 − ℙ

= log

1
1+exp

{

𝜆(ℎ(𝑦,𝑧−𝑖𝑗 )−ℎ(𝑦,𝑧
+
𝑖𝑗 ))−𝑡𝑖𝑗𝛽

}

1 − 1
1+exp

{

𝜆(ℎ(𝑦,𝑧−𝑖𝑗 )−ℎ(𝑦,𝑧
+
𝑖𝑗 ))−𝑡𝑖𝑗𝛽

}

= log exp
{

−
(

𝜆(ℎ(𝑦, 𝑧−𝑖𝑗) − ℎ(𝑦, 𝑧+𝑖𝑗)) − 𝑡𝑖𝑗𝛽
)}

= (𝑡𝑖𝑗𝛽) −
(

𝜆(ℎ(𝑦, 𝑧−𝑖𝑗) − ℎ(𝑦, 𝑧+𝑖𝑗))
)

. (4)
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3. Goodness of Fit
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Figure 1: GOF Comparison of ERGM and ERNM (Model 1): Grade 9
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Figure 2: GOF Comparison of ERGM and ERNM (Model 1): Grade 10
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Figure 3: GOF Comparison of ERGM and ERNM (Model 1): Grade 11
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Figure 4: GOF Comparison of ERGM and ERNM (Model 1): Grade 12
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Figure 5: GOF Comparison of ERGM and ERNM-Count (Model 2): Grade 9
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Figure 6: GOF Comparison of ERGM and ERNM-Count (Model 2): Grade 10
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Figure 7: GOF Comparison of ERGM and ERNM-Count (Model 2): Grade 11
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Figure 8: GOF Comparison of ERGM and ERNM-Count (Model 2): Grade 12
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4. MCMC Diagnostics
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Figure 9: MCMC Diagnostics of ERNM (Model 1) for grade 9: Left Column: Trace plot; Right Column: Density plot
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Figure 10: MCMC Diagnostics of ERNM (Model 1) for grade 10: Left Column: Trace plot; Right Column: Density plot
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Figure 11: MCMC Diagnostics of ERNM (Model 1) for grade 11: Left Column: Trace plot; Right Column: Density plot
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Figure 12: MCMC Diagnostics of ERNM (Model 1) for grade 12: Left Column: Trace plot; Right Column: Density plot
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Figure 13: MCMC Diagnostics of ERNM-Count (Model 2) for grade 9: Left Column: Trace plot; Right Column: Density
plot
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Figure 14: MCMC Diagnostics of ERNM-Count (Model 2) for grade 10: Left Column: Trace plot; Right Column: Density
plot
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Figure 15: MCMC Diagnostics of ERNM-Count (Model 2) for grade 11: Left Column: Trace plot; Right Column: Density
plot
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Figure 16: MCMC Diagnostics of ERNM-Count (Model 2) for grade 12: Left Column: Trace plot; Right Column: Density
plot

Sample statistics

−5
0

0
50

500000 1500000 2500000

edges

0.
00
0

0.
01
0

0.
02
0

−50 0 50

edges

−2
0

0
20

40

500000 1500000 2500000

esp0

0.
00

0.
01

0.
02

0.
03

0.
04

−40 −20 0 20 40

esp0

−4
0
−2
0

0
20

40

500000 1500000 2500000

esp1

0.
00

0.
01

0.
02

0.
03

−60 −40 −20 0 20 40 60

esp1

Sample statistics

−3
0

−1
0
0

10
20

30

500000 1500000 2500000

esp2

0.
00
0.
01
0.
02
0.
03
0.
04
0.
05

−20 0 20

esp2

−1
00

−5
0

0
50

10
0

500000 1500000 2500000

gwesp.fixed.0.5

0.
00
0
0.
00
5
0.
01
0
0.
01
5

−100 −50 0 50 100

gwesp.fixed.0.5

−1
0

−5
0

5

500000 1500000 2500000

gwdeg.fixed.0.5

0.
00

0.
05

0.
10

0.
15

−10 −5 0 5 10

gwdeg.fixed.0.5

Sample statistics

−1
00
−5
0

0
50

10
0

500000 1500000 2500000

nodefactor.c.smoke.1

0.
00
0

0.
00
5

0.
01
0

0.
01
5

−150 −100 −50 0 50 100 150

nodefactor.c.smoke.1

−6
0−
40
−2
0
0

20
40

60

500000 1500000 2500000

nodematch.c.smoke

0.
00
0

0.
01
0

0.
02
0

−50 0 50

nodematch.c.smoke

Figure 17: MCMC Diagnostics of ERGM for Grade 9: Left Column: Trace plot; Right Column: Density plot. (The line with
different color represents each parallelled Markov chain)
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Figure 18: MCMC Diagnostics of ERGM for Grade 10: Left Column: Trace plot; Right Column: Density plot. (The line
with different color represents each parallelled Markov chain)
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Figure 19: MCMC Diagnostics of ERGM for Grade 11: Left Column: Trace plot; Right Column: Density plot. (The line
with different color represents each parallelled Markov chain)
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Figure 20: MCMC Diagnostics of ERGM for Grade 12: Left Column: Trace plot; Right Column: Density plot. (The line
with different color represents each parallelled Markov chain)
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